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Abstract
Certain classical solutions which serve as generating functions of
tree multi-particle amplitudes are constructed in the Kahler sigma
model. The one-loop contribution to the multi-particle amplitudes is
computed as the functional determinant in the background of such
a classical eld.Topologically nontrivial solutions, that is generating
functions of the instanton mediated multi-particle amplitudes, are con-
structed as well. An example of this type is also given for the SU(2)
Yang-Mills theory.
1 Introduction
The study of multi-particle processes in quantum eld theory has a long
history ([1]- [10]). The following problem is of the main interest. When
the number of particles becomes as big as the inverse coupling constant the
amplitudes seem to blow up independently of how small the coupling con-
stant is. Even for the tunneling processes the exponential suppression might
not prevent this blowing up [6],[7],[8] though it seems that no consensus
on this point has been achieved yet in the literature. The reason is that
the computations are fairly complicated. Indeed, already the summation of
tree level contributions is not a completely trivial task, the complications
increasing with the number of loops. A plenty of toy problems allowing one
to make some progress were considered (e.g. [11], [12], see also reviews [13]).
One of these was a study of threshold amplitudes in the scalar eld the-
ory Ref. [14]. In Refs. [15], [16] they were treated with use of the so-called
recursion relations obtained from Feynman diagrams. The fact that the gen-
erating function for solutions of these relations obeys the classical equation
of motion was explained in Ref. [17]. Such a generating function is in fact
an example of a classical solution of a rather general type met in any eld
theory. Roughly, certain generating function for the tree level contributions
to the matrix elements between asymptotic in- and out-states of the ele-
mentary quantum eld, < :::j(x)j::: >
tree
, obeys the classical eld equation.
This classical solution can be given an intrinsic denition which is formally
independent of considering Feynman diagrams. Indeed, it can be uniquely



















of in- and out-going particles and
obeys the classical equation of motion. A classical solution of this type we
call a perturbiner
1
. As a matter of fact, what we just described is a per-
turbiner in restricted sense. More generally, one can consider perturbation
theory in a nontrivial background. For instance, one may be interested in
the scattering theory in an asymptotically at space-time. In eld theories
possessing instanton solutions one can consider the perturbation theory in a
background of an instanton. In such cases the denition of the perturbiner
must be modied. In the present paper we discuss some examples of such
modication.
The perturbiners can be also used as a background eld for a loop ex-
pansion of multi-particle amplitudes in other words we think the perturbiner
can be generally considered as a formal saddle point yielding a loop expan-
sion (computation of loop corrections to the scalar threshold amplitudes in
Refs. [18] can be given this interpretation). Let us note that the perturbiner
is dierent from the saddle point solution of Ref. [30].
The generating function for the tree amplitudes of Refs. [16], [17] as we
mentioned above give us an example of a perturbiner, though rather de-
generate as it is space-independent and describes only the threshold am-
plitudes. Other examples of what we call perturbiners - in theories with a




independent asymptotic states were discussed in Refs. [19], [20]. More general
(space-dependent) perturbiners in those theories are not constructed because
one cannot generally integrate their equations of motion with nontrivial space
dependence (see however Ref. [29] where in the Whitham approach using
modular geometry tools, a perturbiner describing amplitudes with arbitrary
slow space-dependent asymptotic states in 
3
theory was obtained).
Another case is the Yang-Mills theory where an essential progress has been
recently made in studying tree- and one-loop amplitudes with an arbitrary
number of gluons of same helicity [21],[22]. Again, the main instrument was
the recursion relations obtained from the Feynman diagrams [23], [24]. In
Ref. [25] and, independently, in Ref. [26] the generating function for those
tree amplitudes was constructed as a (pseudo-)self-dual solution of the Yang-
Mills equations.
The point is that while in the scalar theory an integrable reduction of the
equations of motion are the space-independent ones and hence one eectively
constructs only space-independent perturbiners describing the threshold am-
plitudes, in the Yang-Mills theory an integrable reduction of the eld equa-
tions are the self-duality equations and therefore one considers the self-dual
perturbiners describing the amplitudes of gluons of same helicity.
In this paper we mainly discuss chiral perturbiners in 2D Kahler sigma
models. Probably it is worth mentioning that the perturbative amplitudes
we study in the sigma model - analogously to the multi-gluon amplitudes
in the Yang-Mills theory - are not directly observable since in both theories
the perturbative asymptotic states crucially dier from the physical ones.
However they can be used as building blocks in description of the so-called
jet production in high energy collisions (see, for example, Ref. [27]).
In Section 2 we introduce perturbiners.
In Section 3 we consider the chiral perturbiners in Kahler sigma models as
well as their nonchiral deformations allowing us to include a few asymptotic
states of dierent chirality into the amplitudes.
In Section 4 we compute one-loop corrections, basically, as a functional
determinant in perturbiner background.
In Section 5 we discuss topologically nontrivial perturbiners. Being a
sort of hybrid of instantons and ordinary perturbiners they describe instan-
ton mediated multi-particle (possibly anomalous) amplitudes. This type of
amplitudes was intensively discussed in connection with the so-called strong
barion number violation [7], [8] and in connection with testing the instanton
eects in QCD in Ref. [31]. The topologically nontrivial perturbiners de-
serve further study from both mathematical and physical point of view. We
will be brief hoping to return to this subject in future.
Section 6 contains some conclusions, problems and speculations.
2 Perturbiners
For the simplicity of notation, introducing the perturbiner we shall consider
a single scalar eld theory in the 4D space-time. Our starting point is the
2











































k) enter the r.h.s. of Eq. (1) via 
0
- a















































The variable of the functional integration in Eq. (1)  must obey the
Feynman boundary conditions, that is  has no positive energy part at t!
+1 and no negative energy part at t !  1. (This is equivalent to doing
the integral over the elds decreasing at innity in Eucleadian space, but




Probably, it is worth to say that Eq. (1) can be considered as a compact
form of LSZ reduction formulas.
The functional S(a; a








k) (innite continuous set of arguments). This means that
one is to expand the integrand in Eq. (1) in powers of 
0
and integrate each
term separately. Then the functional integration of arising expressions with


























is homogeneous of degree m in a

and n in a, yields the scat-
tering amplitudes with m out-going particles and n in-going particles of ar-
bitrary on-shell momenta. Eq. (1) is just a condensed notation for the set
of amplitudes in Eq. (5). Performing the functional integration in Eq. (5) is
the usual task of quantum eld theory. One does it perturbatively or non-
perturbatively (if one can). One way to do the perturbative expansion here
is to expand the integrand in Eq. (5) in powers of interaction and perform
the Gaussian integration. The role of the boundary conditions on this route
is to dene the propagator - an inversion of the dierential operator dening
A
0
. This process is conveniently described in terms of Feynman diagrams.
Alternatively, one might wish to consider the loop expansion. One might
nd also that the integrand has some nontrivial saddle points, other than
 = 0 (we have assumed that  = 0 is always a solution to the Euler-






for instance, in the theories possessing instanton solutions. Then, by the
steepest descent method, one does the loop expansion around each saddle
point and then sums over all the saddle points.
Why don't we do analogous expansions for the whole generating function
of Eq. (1) and not just for each term of Eq. (5)? Indeed, one can readily
write down an expansion in Eq. (1) thus getting an expansion of the whole
functional in powers of coupling constants. As to the loop expansion, for
Eq. (1) it is not so clear as in Eq. (5). The problem is that the integrand
in Eq. (1), as it stands, does not seem to have any saddle points, trivial or
nontrivial ones, or, at least, if there is one, it is as hidden as an East Pole or
a West Pole, so we prefer not to think about it (cf., however, [30]). What we
think about is that it is better to modify the integral Eq. (1) in such a way
that it will have an easy-to-nd saddle point.
Let us rst simplify our notation by considering only a nite number of
in- and out-going particles and by treating them on an equal footing. For
this aim we dene 
0


































< 0. Actually all the quantities will be
thought of as functions of those momenta. Later on we shall use also a fur-
ther restriction on the momenta to avoid innities corresponding to resonant
amplitudes. In what follows we shall regard a
l




= 0, thus truncating innite series to simple polynomial expressions
with each a
l
entering at most once. One can see that no information is lost
in this description.
Now we would like to consider a certain shift of the variable, ! +

1
, in the integrand of Eq. (1). Normally, if  + 
1
belongs to the same
space of elds as the variable  itself, in particular  + 
1
obeys the same
boundary condition as , the integral does not change provided the functional
measure is translationary invariant. In other words, in this case we deal with
a simple change of variables. The possibility of using a shift of the integration









known as the Dyson-Schwinger equation
2







). Indeed, under a shift ! + 
1










, that is if one can perform integration
by parts when computing the variation of the action functional (this is where
the boundary conditions on 
1














and the integral doesn't change due to Eq. (7).
Now, taking the Dyson-Schwinger equation as a starting point we are going
2
Here < ::: >

0
means averaging with the weight as in Eq. (1), it cannot be interpreted
as a vacuum expectation value in the usual physical sense
4
to make a shift of the integration variable by such 
1
which does not obey
the boundary conditions but still allows integration by parts (the latter being
understood formally, see below).
For future use let us consider the following (in general, complex) eld
conguration, 
ptb







entering Eq. (6), whose rst order term is precisely 
0
as in Eq. (6)












) = 0 (8)
By considering this equation order by order in powers of a
l
's one sees that that
such a solution exists and is unique if the momenta satisfy certain restriction.
Namely, let us say that fk
l
g is a non-resonant set of momenta if the sum
of momenta over any subset of fk
l
g is not a mass-shell momentum. After
we have dened the perturbiner for a non-resonant set of momenta we can






with coecients being meromorphic functions of k
l
's. Notice that n-th order
terms of the expansion of 
ptb
in powers of harmonics can be viewed as (n 1)-
th order terms of an expansion of 
ptb
























containing only the terms of degree
more than one w.r.t. a
l
's. We will use this 
1
in the shift of the integration
variable !+
1
. In this case one has to be careful since the shift by such 
1





























when the sum of the momenta vanishes. This is the
price for violating the boundary conditions. Hence we will regard the shifted
action functional in Eq. (11) as a functional taking values not in numbers but






. With this understanding






is allowed in the sense that one can formally integrate by parts reducing this
assertion to the Dyson-Schwinger equations, as discussed above.



















We think that it is not a severe violation of the rst principles as, after all, the -
functions met here are multiplied by the formal variables a
l
and the whole functional
integral is nothing more than a polynomial in nilpotent a
l
's. The same applies to the
violation of the reality condition of the action.
5
It has a saddle point,  = 0, corresponding to the loop expansion of pertur-
bative amplitudes.


















Notice that in this way one obtains the restriction of S-matrix to a sub-
set of the asymptotic states corresponding to the harmonics left in Eq. (6).
Another central idea of the perturbiners ideology is to restrict the set of a's
in such a way that upon corresponding restriction the equations of motion
become integrable. In a scalar theory one restricts to space coordinates inde-
pendent states, in the Yang-Mills theory one restricts to same helicity gluon
states which equivalent to considering only (anti-)self-duality equations, in
the sigma model one restricts to right (left) sector.
Technically, it is convenient to take variation of the Eq. (13) with respect
to one of the a's, say a
p
, and putting after a
p
= 0 ( the corresponding
harmonic need not enter the perturbiner then, p need not obey the non-



































In this equation D
 1







exponential term disappears due to the non-resonantness condition. Eq. (14)
shows which way the perturbiner generates the tree amplitudes.
Sometimes it is convenient to have two punctured particles. Taking vari-















































obeys a linear equation - the variation of





















) = 0 (16)




) follows from that of 
ptb
:  is a polynomial in
harmonics entering 
ptb
, is of rst degree in harmonic e
 i<p;x>
, is a polynomial

















3 Perturbiners in the Kahler sigma model






































are holomorphic and antiholomorphic




is a Kahler metric on the target space.
To conveniently write the equations of motion we introduce the following























































































The rst one follows from the denition of F
a
and from symmetry of Christof-
fel's symbols on the Kahler manifold while the second one is the Euler-






























)) solves the equa-
tions of motion. The same is true about the antiholomorphic 
a
. Hence one
easily constructs the perturbiners describing the amplitudes for holomorphic
right-movers and antiholomorphic left-movers or holomorphic right-movers
and antiholomorphic right-movers or holomorphic left-movers and antiholo-































Again, there is no need to care about reality of the eld as only a subset
of the possible asymptotic states is considered. It is peculiar to the sigma
model and to the use of complex coordinates on the target-space that there
are no higher-order terms.
From the formula of the type of Eq. (14) and from Eq. (23) it immediately
follows that at the tree level in the model considered there are no transitions
from any o-shell particle to any number of holomorphic particles of identical
chirality plus any number of antiholomorphic particles of identical chirality.


























but again when F is rewritten in terms of  one Eqs. (24) is a consequence of
the other. Therefore it is sucient to consider variation of only one of them.














































































































































The last line is written in the CM-system, E is the CM-energy.
In the Yang-Mills case, to get the integrable reduction of the equations
of motion one considers only amplitudes of gluons of identical helicity which
corresponds to considering the (pseudo) self-dual solutions, therefore in that
case one can construct self-dual perturbiners. As we know from [32], in
[25] it was shown that the recursion relations for the like-helicity multi-gluon
amplitudes [23], [24] follow from the self-duality equation. In [26] an example
of such a solution was given in SU(2)-case. In [28] a solution of this type
was constructed for SU(N)-case without discussion of its relevance to the
helicity-like amplitudes.
4 One-loop corrections






























comes from the second variation of the action in
the background of the chiral perturbiner.








































































(x; xj) is obviously eld-independent giving rise to the triviality
of one-loop corrections to the amplitudes among holomorphic particles of
identical chirality.
Unfortunately, we cannot compute the determinant for the general right-
left perturbiner of Eq. (23) but we can perturb the holomorphic background
adding the antiholomorphic particles one by one. Computing corresponding
corrections to the determinant we use the Pauli-Villars ultraviolet regular-
ization (instead of the zeta-regularization above) and add a small mass 




for the infrared regularization. So, we deal with the
expression



















Adding one antiholomorphic particle upon expansion one gets





























which is seen to be zero (see Appendix 1). Adding one more antiholomorphic
particle one gets the one-loop corrected generating function for the ampli-
tudes of any number of holomorphic particles of identical chirality and two
holomorphic particles of identical chirality (remind that all these amplitudes















































(notations are explained in Appendix 1).
5 Topologically nontrivial perturbiners
At some conditions on the target-space there are instanton solutions in the
model considered [33]. In this case it is interesting to study the instanton
4
To be rigorous, apart from the Eq. (32) one must specify boundary conditions at
x ! 1 for the heat kernel. They are very similar to the denition of perturbiner: G
must be a polynomial in the harmonics entering the perturbiner and the zeroth term must
be the same as in the absence of any harmonics.
9
mediated amplitudes [7]. The usual way is to compute the instanton contribu-
tions into correlation functions in Eucleadian formulation of the theory then
perform the analytical continuation to Minkowski space and nally apply
the LSZ-reduction formulas. The ideology of perturbiners suggests another
way - to look for an appropriate classical solution generalizing the notion of
perturbiner to the instanton sector. Again we shall assume that the solution
is a truncated power series in the coupling constant but in this case but in















is the analytically continued instanton solution. (It is assumed
to decrease at suciently large t-deep inside the light-cone - even in the
Minkowski space. One can see that is not a severe assumption.) Then 
(0)







































This condition denes 
(0)
modulo solutions of Eq. (38) decreasing at large
jtj. Finiteness of the action
5
selects just the zero modes of the instanton

( 1)
(again analytically continued to Minkowski space).
Thus 
(0)
is dened uniquely up to a redenition of the instanton moduli
parameters. Now the nilpotency of a's allows us to add the harmonics one
by one solving at every step a uniform equation of the type of Eq. (38) but in


























) = 0 (40)
(a
i
= 0) = 
( 1)
and  must be a polynomial in the harmonics correspond-
ing to the symbols a
i











There is an interesting reformulation of the problem. Recall that we con-
sider 
ptb







depending on x (the dependence on k's is assumed). Since the space of such




The integration over Minkowski space of an analytically continued into Minkowski
space solution is assumed to be equivalent to the Eucleadian integration; niteness of




's , that is, say,
-function is considered as nite.
10
of as a vector-valued function of x. Then the eld equations can be considered
as a matrix dierential equations. After continuing back to the Eucleadian
space it becomes an elliptic equation on a compact manifold.
But again, to be able to construct this perturbiner analytically one has
to reduce to a subset of the allowed asymptotic states. In the Kahler sigma
model the instanton solution after analytical continuation to the Minkowski











Taking the harmonics of the same left-right type one easily obtains the fol-








































where  stands for the moduli parameters of the instanton. Again the absence
of the higher orders in harmonics is peculiar to the model and to the choice
of coordinates.
Applying the topologically nontrivial perturbiner of Eq. (23) to com-
putation amplitudes one sees that it predicts that there are no nontrivial
instanton-mediated amplitudes in the sector of left holomorphic particles and
right antiholomorphic particles. Notice that antiinstanton-mediated ampli-
tudes are nontrivial in this sector, so in the instanton gas approximation the
nullications above do not take place any longer.
As it was mentioned in Section 3, for the Yang-Mills case, the appropriate
reduction is to consider only harmonics of identical helicity which is equiva-
lent to considering only self-dual or anti-self-dual solutions. In Appendix 2
we present an example of the topologically nontrivial perturbiner in SU(2)
Yang-Mills theory.
6 Conclusion
We considered here perturbiners - solutions of classical equations of mo-
tion which are generating functions for the multi-particle amplitudes. From
physics point of view the perturbiners deserve a study because they provide
a unifying framework for perturbative considerations both in topologically
trivial and topologically nontrivial sectors of quantum eld theory. In this
approach, instead of considering Feynman diagrams, one deals with eld
equations which, furthermore, can be reduced to such a subspace of the con-
guration space where they become integrable or where, at least, there are
powerful mathematical tools. Even in the simple scalar eld theory case this
type of reformulation of the perturbation theory allows one to make an essen-
tial progress in the study of some asymptotics of the multi-loop corrections to
the multi-particle amplitudes [34], [35]. One might expect much more from
the study of the self-dual perturbiners in Yang-Mills theory (the self-dual
and anti-self-dual sectors in Yang-Mills theory are analogous to the left and
right sectors in 2D sigma model). Note that in systematic multi-loop calcu-
lations some other techniques, say, the one suggested in [36] might be more
11
useful while the perturbiners might become ecient in constructing eective
theories, in obtaining asymptotics and so on. Besides that, the perturbin-
ers might be very useful in supersymmetric theories, where the higher loops
might be irrelevant. Once the perturbiner is constructed upon reduction to
an integrable sector of the theory (that is upon reduction to threshold parti-
cles in the scalar theory, to same-chirality particles in the sigma model or to
same-helicity gluons in the Yang-Mills theory), a principal physical problem
is to nd a way of an ecient description of the amplitudes which do not
belong to this sector. Of course, as explained above, one can do it perturba-
tively but that is not of much interest. What is of much interest and what
is likely possible to do is to construct an eective perturbiner describing soft
particles of the opposite sector of the theory. This problem was addressed to
for 
3
theory in Ref. [29]. From the mathematical point of view the pertur-
biners provide a new class of physically motivated problems. One of them is
to classify self-dual solutions of the Yang-Mills equation which depend on a
set of momenta in the above described way and whose action is \nite" in
the sense that it is a distribution of those momenta. An example of such a
solution is described in Appendix 2.
Acknowledgments
The work of A.A.R. was partially supported by the grants RFFR-96-02-18046
and INTAS-93-0166.
Appendix 1







= 0. Consider, therefore, the perturbiner Eq. (23) with only one
harmonic in 
a
. Expanding the expression Eq. (34) in this harmonic one
obtains





























The metric entering the propagators in this expression is x
+
-independent.



































Substituting Eq. (A1.2) into Eq. (A1.1) one comes to













































































is a total derivative, which gives rise to the triviality of the one-loop correc-
tions in this case as well.
The next step is to consider two harmonics in 
a
in the perturbiner
Eq. (23) and to take second variation of the Eq. (34):

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With use of the propagator Eq. (A1.2) the Eq.(A1.5) reduces to

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( is set to 0 and M
i
is set to 1 after computation). Eqs. (30,A1.10,A1.11)
result in Eq. (36) of Section 6.
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Appendix 2
Here we present an example of topologically nontrivial (pseudo)self-dual
perturbiner for SU(2) Yang-Mills theory.

















 1 where it is nec-
essary according to the Wick's rotation rules, 





















are the Pauli matrixes). the
(pseudo)self-duality equations reduce to the following equation on :
1

2 = 0 (A2.2)
For the current purposes we take solution


















with < q; q >= 0. Substituting  Eq. (A2.3 into Eq. (A2.1) and expanding
it in powers of the harmonics one can see that this perturbiner describes
amplitudes of gluons of positive helicity - which is assumed by the self-
duality. Moreover, a color orientation of the gluons included is related to
their momenta - which is assumed by the 'tHooft anzatz. Namely, consider




; ~q), ~q being the spatial part of




















. That are these gluon states, with the positive helici-
ties and the color polarizations 
 





will stand for the corresponding annihilation and symbols (no-




) at given q and
at xed time direction. The parameters of the perturbiner  from (A2.3) are
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